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Abstract. We analyze the localized phase of a general model of a directed poly- 
mer in the proximity of an interface that separates two solvents. Each monomer 
unit carries a charge, w„, that determines the type (attractive or repulsive) and 
the strength of its interaction with the solvents. In addition, there is a polymer- 
interface interaction and we want to model the case in which there are impurities 
tD„, called again charges, at the interface. The charges are distributed in an inho- 
mogeneous fashion along the chain and at the interface: more precisely the model 
we consider is of quenched disorder type. 

It is well known that such a model undergoes a localization/delocalization transi- 
tion. We focus on the localized phase, where the polymer sticks to the interface. 
Our new results include estimates on the exponential decay of correlations, the 
proof that the free energy is infinitely differentiable away from the transition and 
estimates on finite-size corrections to the thermodynamic limit of the free energy 
per unit site. Other results we prove, instead, generalize earlier works that typically 
deal either with the case of copolymers near an homogeneous interface (uj = 0) or 
with the case of disordered pinning, where the only polymer-environment interac- 
tion is at the interface {uj = 0). Moreover, with respect to most of the previous 
literature, we work with rather general distributions of charges (we will assume 
only a suitable concentration inequality) and we allow more freedom on the law of 
the underlying random walk. 

2000 Mathematics Subject Classification: 60K35, 823^1, 82B44 

Keywords: Directed Polymers, Copolymers, Copolymers with Adsorption, Disor- 
dered Pinning, Localized phase 



Received by the editors October 4, 2005; accepted January 17, 2006. 

149 



150 



Giambattista Giacomin and Fabio Lucio Toninelli 



1. Introduction 

1.1. Copolymers, selective solvents and adsorption. Polymers are repetitive chains 
of elementary blocks called monomers (or monomer units). Copolymers are inho- 
mogcncous polymers, in the sense that each monomer unit carries a charge, and 
the charge is distributed along the chain in a disordered way. It is well known that 
when the medium surrounding the copolymer is made of two solvents, separated 
for example by an interface, and the solvents interact with the monomers accord- 
ing to the value of the charge, the typical behavior of the copolymer may differ 
substantially from the case in which the medium is homogeneous. On copolymers 
there is an extremely extended literature, given above all their practical relevance, 
see for example Garel et al. (1989) and Giacomin (2004) and references therein. 
Moreover, for a realistic model of the interface, one should consider the possibility 
of the presence of impurities or fluctuations in the interface layer, as in Sotcros 
and Whittington (2004). As an extreme, but very important example, one could 
consider also the case in which the interactions at the interface are essentially the 
only relevant ones, see Dcrrida et al. (1992); Forgacs ct al. (1986). 

In order to be more concrete, let us introduce a specific model, which is just 
a particular example of the general class we consider. It is based on the process 
= {5'^^}„=o,i,..., a simple random walk on Z, with S^^ = and {Sf^ - 
'S'j'J^ }jeN, N := {1, 2, . . .}, a sequence of IID random variables with P {Sf"^ = l) = 
P(5R^ = -1) = 1/2. 

The process has to be interpreted as a directed polymer in (l-l-l)-dimension, 
and P as its law in absence of any interaction with the environment (free polymer). 
The polymer-environment interaction depends on the charges w = {oj,oj) gR^xR^ 
and on four real parameters v := {X,h,X,h): without loss of generality we will 
assume A, h and A to be non- negative. Let us set S'„ = 82^/2 and let us introduce 
the family of Boltzmann measures indexed by iV G N 

dP- 

~^exp A ^ (w„ + /i) sign {Sn) + \^{u)n + h)j l{s„=o} 1{Sn=o}, (1-1) 

^N,ui \ n=l n=l / 

with the convention that sign(S'„) = sign (-Sj^i) for any n such that Sn = 0. The 
superscript v will be often omitted. 

The model is completely defined once w is given: being interested in the disor- 
dered case, we choose for instance w an realization of an IID family, of law P, of 
symmetric variables taking value ±1. 

We invite the reader to look at Figure 1 in order to get an intuitive idea on this 
model. 



1.2. The model. An important observation on the model we have introduced is 
that its Hamiltonian may be easily rewritten in terms of the sequence r := {Tj}i, 
defined by setting tq := and, for z G N, := inf {n > Tj_i : S'„ = 0} (r^ < +00 
with probability one for every i since is recurrent) and in terms of the sign of 
the excursions, that, conditionally on r, are just an independent sequence of IID 
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Figure 1. The polymer is at the interface between two solvents, say oil and 
water, situated in the positive and negative half-planes, respectively. Along 
the (one— dimensional) interface S = are placed random charges lj„, positive 
or negative. The polymer prefers to touch the interface whenever uj„ + h > 0. 
On the other hand, a random charge u!„ is associated to the n**" monomer 
of the chain, i.e., to the portion of the polymer contained between n — 1 and 
n. This is responsible for the polymer-solvent interaction: if uin + h > 
the n*'' monomer prefers to be in oil, otherwise it prefers to be in water. 
The non-negative parameters A, A may be thought of as two effective inverse 
temperatures, and h as a measure of the asymmetry between the two solvents. 
Note that by convention, if Sn = then sign(S'„) coincides with the sign of 
S„_(i/2)i which is unambiguously defined. For instance, sign(Si) = -1-1 and 
sign(S4) = —1. In this picture, N = 5 and in fact the endpoint Sm is pinned 
at zero. 



symmetric variables taking values ±1. Of course the (strong) Markov property of 
gRW inrmediately yields also that {tj — Tj_i}j£N is an IID sequence. 

We are now going to introduce the general class of models that we consider. 
These models are based on a real-valued free process S :— {Sn}n^Q i , with law 
P that satisfies the following properties: 

(1) The sequence r — {Tj}j^o.i,... of successive returns to is an infinite se- 
quence with To = 0, so is a process starting from and for which is a 
recurrent state. Moreover r is a renewal sequence, that is {tj — Tj_i}j=i,2,... 
is a sequence of IID random variables, and we set K{n) := P(ti ~ n). 

(2) For some a > 1 and for some function L(-) which is slowly varying at infinity 
(see below for the definition and properties of slowly varying functions) 

Kin) ^ ^. (1.2) 
In particular K{n) > for every n G N. 
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(3) For i € N such that Tj — rj_i > 1 we set Sj := sign(5'xi-i). Then condition- 
ally on r, {si}i;ri-Ti-i>i is an IID sequence of symmetric random variables 
taking values ±1. Conventionally we complete the sequence {sijieN (i-c., 
we choose the Si for i such that Tj+i — Tj = 1) by tossing independent 
fair coins and, always by convention, we stipulate that sign(6'Tj = Sj. Of 
course, conditionally on t, {sijjgN is just independent fair coin tossing. 

(4) Conditionally on r, {{3^+1, ■ ■ ■ , Sri^j^)}i=o,i,... is an independent sequence 
of random vectors. Moreover the law of {3^+1, ■ ■ ■ , S^^^), conditionally on 
T, depends on t only via the value of t^+i — t^. Note that this property 
implies that, conditionally on Sm = 0, the process {Sn}n>m has the same 
distribution as the original process {Sn}n>o- With some abuse of language, 
we will call this property the renewal property of S. 

The free process S is put in interaction with an environment via the charges lo_ = 
(w, w) e X R^. The definition of ^ is still as in (1.1), provided one suppresses 
the superscript RW in the left-hand side. The process S constructed in Section 1.1 
starting from S'^^ corresponds to the case of a = 3/2 and lim„^oo -^(f^) = l/(2\/7r)- 

We recall that a function L(-) is slowly varying (at infinity) if L(-) is a measurable 
function from (0, oo) to (0, oo) such that limr-^oo i(a;r)/L(r) = 1 for every x > 0. 
One of the properties of slowly varying functions is that both L(r) and 1/L(r) are 
o(r'^) for every e > 0. An example of slowly varying function is r h^- (log(r + 1))**, 
for 6 e M, but also r i— > exp((log(r + l))^), for 6 < 1, as well as any positive function 
for which lim,.^co i('') > 0. A complete treatment of slowly varying fimctions is 
found in Feller (1971), but these functions are needed for us to in order to work in 
a reasonably general and well defined set-up: we will use no fine property of slowly 
varying function since in most of the cases rough bounds on K{^) will suflace. 

Remark 1.1. In short, one may think of building S by first assigning the return 

times to zero according to a renewal process. The excursions are then glued to 
the renewal points, but essentially the only relevant aspect of the excursions for us 
is the sign, that is chosen by repeated tossing of a fair coin. Note again that the 
energy of the model depends only on r and on {si}i, and not on the details of the 
excursions in the upper or lower half plane. The last property in the list above, the 
renewal property of S, makes a bit more precise what the excursions of the process 
really are: this property is very useful to have a nice pictorial vision of the process, 
but it is rather inessential for us. We will use it only in stating Theorem 2.2 since 
this way it turns out to be somewhat nicer and more intuitive, but the essence of 
our analysis lies in r. Note also that if A = the energy does not depend on {si}i. 
In this case we are dealing with a pure pinning model and insisting on S taking 
values in K is a useless limitation. 

Remark 1.2. We have chosen to be a recurrent state of S because it simplifies a 
little the notations, but everything carries over to the case in which is transient. 

The sequence w is chosen as a typical realization of an IID sequence of random 
variables, still denoted by w = {w„}„. We make the very same assimiptions on 
uj and, in addition, u and ui are independent. The law of w will be denoted by 
P, and the corresponding expectation by E. A further assumption on w is the 
following concentration inequality: there exists a positive constant C such that 
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for every N, for every Lipschitz and convex function g : —> M. with g{(^l) := 
g{LVi, . . . ,u)n,ijJi, ■ ■ ■ ,'jJn) S (P) and for t > 

P [5(0^)1 1 >i) < Cexp||-^^2-^ ' (1-3) 

where HffllLip is the Lipschitz constant of g with respect to the Euchdean distance 

on M2A^. 

Of course such an inequahty imphes that coi and wi are exponentially integrable: 
without loss of generality we assume ui and cDi to be centered and of unit variance. 

Remark 1.3. In practice, it is sufficient to check that the concentration inequality 
holds for CO and for uj separately. In fact, suppose that 

P(|GH-E[GH]|>t) < gexp(- g||q|2. y (1-4) 

for every G : M.^ R and G{u) := G{u)i, . . . , ojn), and similarly for u. Then, 

lP(|ffM-%M]| >") < 

r{\E[gic.)\u;]-E[giu;)]\ > ^) + P (|.gM - E[5(c.)M | > ^) . (1.5) 

Using twice (1.4), once for Gi(a;) := E[5(w)|tc'] and once for G2 (w) := g{(jj,(jj), not- 
ing that max(| |Gi | |Lip, | IG2 | Ilip) < I l^l Ilip uniformly in u), one obtains immediately 
(1-3). 

The concentration inequality (1.3) is known to hold with a certain generality: 
its validity for the Gaussian case and for the case of bounded random variables 
is by now a classical result (Ledoux (2001)). While of course such an inequality 
requires E [exp (e (w^ + Wi))] < 00 for some £ > 0, a complete characterization of 
the distributions for which (1.3) holds is, to our knowledge, still lacking, but among 
these distributions there are, for example, the cases in which the laws of lui and uji 
satisfy the log-Sobolev inequality, see Talagrand (1996), Ledoux (2003) and Villani 
(2003), therefore, in particular, whenever lvi and wi are continuous variables with 
positive densities of the form exp(— F(-)), with V G and V"{-) > c > when 
restricted to (—00, —K) U {K, 00), for some K > 0. 

Remark 1.4. We have chosen to work assuming concentration because it provides 

a unified rather general framework in which proofs arc at several instances much 
shorter (and, possibly, more transparent). However, as it will be clear, several 
results hold under weaker assumptions. On the other hand we deal only with the 
polymer pinned at the endpoint, that is, constrained to Sn = 0: we have chosen 
this case for the sake of conciseness, but we could have decided for example to leave 
the endpoint free. 



1.3. Free energy, localization and delocalization. Under the above assumptions on 
the disorder the quenched free energy of the system exists, namely the limit 
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exists P( da;)-alinost surely and in the (P) sense. The existence of this limit 
can be proven via standard super-additivity arguments (we refer for example to 
Giacomin (2004) for details). Wc stress that the concentration inequality implies 
immediately that f{v) is not random, but such a result may be proven under much 
weaker assumptions, see e.g. Giacomin (2004). 

A simple but fundamental observation is that 

f{v) > \h. (1.7) 

The proof of this is elementary: if we set f2]^ = {5 e f2 : 5„ > for n = 
1, 2, . . . , iV — 1 and Sn = 0} we have 

lElog%^> 

/ N N \ - 

exp I A ^ (w„ + h) sign (^n) + A ^ {ujn + l{s„=o} j ; 



lElogE 



n=l n=l 



A " 



(E [uj,] + /i) + ^ (e [Zjn] + /i) + ^ logP "-^ Xh, (1.8) 

n=l 

where we have applied the fact that, by (1.2), logP (0.+ ) = log{{l/ 2) K{N)) = 

o(7V), for N ^oo. 

The observation (1.7), above all if viewed in the light of its proof, suggests the 
definition f{v) := f{v) — Xh and the following partition of the parameter space (or 
phase diagram): 

• The localized region: C = {v_: f{v) > 0}; 

• The delocalizcd region: T> = {y_: f(w) = 0}. 

Along with this definition we observe that 



N N 



^(5) oc exp -2A ^ (w„ + /i) A„ + A ^ (w„ + /i) (5„ 5n, (1.9) 



n=l 



dP 

where 

A„ := l{sign(s„)=-i} = (1 - sign(S'„)) /2 and (5„ := l{s„=o}- (1-10) 
Of course the normalization constant 



-2A ^ (a;„ + /i) A„ + A ^ 

n=l n=l / 



(1.11) 



changes, but = exp ^-AX]^=i(w n 

^^^^ P(da;)-a.s. and 

(P) asymptotic behavior of (l/AT) log Zj-^ ^ are given by f{v) . We will always work 
with Zjf^, in order to conform with most of the previous mathematical literature. 

1.4. Discussion of the model. For the model we introduced there is a very vast 
literature, mostly in chemistry, physics and bio-physics. It often goes under the 
name of copolymer with adsorption, see e.g. Soteros and Whittington (2004) and 
references therein, and such a name clearly reflects the superposition of two distinct 
polymer-environment interactions: 
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• The monomer-solvent interaction, associated to the charges w. Some mon- 
omers prefer one solvent and some prefer the other one. Since the charges 
arc placed in an inhomogcncous way along the chain, energetically favored 
trajectories need to stick close to the interface. Whether pinning actually 
takes place or not depends on the interplay between energetic gain and 
cntropic loss associated to localization (trajectories that stay close to the 
interface have a much smaller entropy than those which wander away). 

If A > and A = only this interaction is present and we will call the 
model simply copolymer. 

• The monomer-interface interaction, associated to oj. This interaction leads 
to a pinning (or depinning) phenomenon with a more direct mechanism: 
trajectories are energetically favored if they touch the interface as often 
as possible at points where cOn + h > 0, avoiding at the same time the 
points in which u}n + h < 0. Also in this case, a non-trivial energy/entropy 
competition is responsible for the localization/dclocalization transition. 

When A = and A > we will refer to the model as pinning model. 

The copolymer model has received a lot of attention: we mention in particular 
Garel et al. (1989), in which it was first introduced and the replica method was 
applied in order to investigate the transition. Rigorous work started with Sinai 
(1993), followed by Albevcrio and Zhou (1996): these works deal with the case 
h = and coi symmetric and taking only the values ±1 {binary charges). It turns 
out that in such a case there is no transition and the model is localized for every 
A > 0. 

In general, one may distinguish between results concerning the free energy and 
results on pathwise behavior of the polymer. About the first point, we mention 
that in Bolthauscn and den Hollander (1997) the model with h > has been 
considered, still with the choice of binary charges, and the existence of a transition 
has been established, along with estimates on the critical curve and remarkable 
limiting properties of the free energy of the model in the limit of weak coupling 
(A small). Improved estimates on free energy and critical curve may be found in 
Bodineau and Giacomin (2004). In the physical literature one can find a number 
of conjectures, mostly on the free energy behavior, that arc far from clarifying the 
phase diagram. In this respect, it is interesting to mention that recent numerical 
simulations (Caravenna et al. (2005)) show that the critical line is different from that 
predicted in the theoretical physics literature, which means that the localization 
mechanism is still poorly imderstood. 

Disordered pinning has been extensively studied in the physical literature, see 
e.g. Derrida et al. (1992) and Forgacs et al. (1986) (see also Giacomin and Toninelli 
(2005b) for more recent references), but much less in the mathematical one. How- 
ever the model has started attracting attention lately, see Alexander and Sidoravi- 
cius (2005), Petrelis (2005) and Giacomin and ToninelU (2005b). We should stress 
that there is no agreement in the physical literature on several important issues 
for disordered pinning. For instance, it is still unclear whether the critical curve 
coincides with the so-called annealed curve. 

About the study of path behavior, there is a basic difference between the local- 
ized and the delocalized phase: in the first case, since f{v) > 0, the interaction 
produces an exponential modification of the free polymer measure, and therefore 
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Large Deviation techniques apply very naturally. The path behavior of the copoly- 
mer model in the localized phase has been considered in Sinai (1993); Albeverio 
and Zhou (1996), for h = and binary charges, while in Biskup and den Hollander 
(1999) also the case /i > is taken into account. In Biskup and den Hollander 
(1999) the focus is on the Gibbsian characterization of the infinite volume polymer 
measure (in the localized phase). The dclocalizcd phase is more subtle, due to the 
fact that f{v) = 0, and path delocalization estimates involve estimates on Moderate 
Deviations of the free energy. Results on the path behavior in the delocalized phase 
have been obtained only recently in Giacomin and Toninelli (2005a), both for the 
copolymer and for the disordered pinning model. 

2. Main results 

In the present work, we consider the localized phase of the general model defined 
in Section 1.2 and formula (1.1). In addition to giving new results, our approach 
provides also a setting to reinterpret in a simpler way known results for copolymer 
and pinning models. 

2.1. Smoothness of the free energy and decay of correlations. The free energy is 
everywhere continuous and almost everywhere diffcrcntiable, by convexity, so in 
particular £ is an open set. However, one can go much beyond that, as our first 
theorem shows: 

Theorem 2.1. F is infinitely differentiable in C 

An interesting problem is to study the regularity properties of f(-) at the bound- 
ary between L and "D, where it is non-analytic. This corresponds to investigating 
the order of the localization/delocalization transition. Recently, an important step 
in this direction was performed in Giacomin and Toninelli (2005b) and Giacomin 
and Toninelli (2006) where it was proved, in particular, that the first derivatives of 
f(-) are continuous on the boundary. In other words, the (de)localization transition 
is at least of second order. 

As it will become clear in Section 4, the smoothness of the free energy in C, 
boils down to a property of exponential decay of (average) correlations. For this 
implication we essentially rely on von Dreifus et al. (1995), where a similar result 
has been proven in the context of disordered Ising models. 

Let us therefore state the decay of correlation property. We say that A is a 
bounded local observable if A is a real bounded measurable local function of the 
path configurations. In the sequel S{A) will denote the support of A, that is the 
intersection of all the subsets / C N of the form / = {£,..., fc}, with fc, ^ € N, such 
that A is measurable with respect to the tr-algebra a{Sn ■ n £ I). 

We have 



Theorem 2.2. For every w G £ there exist finite constants ci{v),C2{v) > such 
that the following holds for every N e N; 
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• (Exponential decay of correlations.) For every couple of bounded local ob- 
servables A and B we have 

E [|Ejv,^(AB) - En,MEn,UB)\] 

< ci\\A\U\B\\^eM-C2d{S{A),S{B))) (2.1) 

where d{I, J) = mm{\i - j\,i G I,j e J} if I,J C N. 

• (Influence of the boundary.) For every bounded local observable A and 

k € N, such that S{A) C {1, . . . , k}, we have 

supE[|En.^(^) -Efe,^(A)|] < ci\\A\\^cxp{-C2d{S{A),{k})). (2.2) 

N>k 

• For every bounded local observable A the following limit exists P( du) - 
almost surely: 

lim Ejv,c.(^) =: Eoo,c.(A). (2.3) 



Remark 2.3. From (2.1) one may easily extract an almost sure statement. Choose 
two bounded local observables A and B and set Bi.{S) = B{9^S), i.e. {9S)n = 
Sn+i. Take the limit N ^ com (2.1) to obtain 

E [exp(c2fc/2) |Eoo,a;(^Bfe) - E^,^(A)Eoc,^(Bfe)|] < exp(-C2fc/4), (2.4) 

for k sufficiently large. Therefore the Fubini-Tonelli theorem and (2.4) yield 



E 



^exp(c2fc/2) |Eoo,a;(^Sfc) - Eoo.w (^)Eoo,a; (^fe) | 



< 00. 



(2.5) 



The sc;rics appearing in the left-hand side is therefore P(da;)- a.s. convergent. This 
implies that there exists a random variable Ca,b(w), C>i,B(a;) < oo P(da;)-a.s., 
such that 



\E^^J,ABk) - Eoo,a,(A)Eoo,a,(Bfc)| < CA,B(a;)exp(-C2fc/2), 



(2.6) 



for every k. 



2.2. Path localization and maximal excursions. We consider now the question of 
whether or not knowing that u € £ does mean that the path of the polymer is really 
tight to the interface. Even if this question has not been treated for the general 
model we are considering here, the techniques used in Sinai (1993), Albcverio and 
Zhou (1996) and Biskup and den Hollander (1999), see also Giacomin (2004), may 
be applied directly and one obtains for example that, in the case 5„ = 52,^/2, for 
every v^C there exist finite constants ci, C2 > such that for every A^, s e N, and 
< fc < 

EPN,^{\Sk\>s)<cie-''', (2.7) 
or one can obtain an analogous P( da;)-a.s. result, which is a bit more involved to 
state Sinai (1993). 

The reason for revisiting this type of results, besides generalizing them to our 
case, is that they are only bounds and we would like to find estimates that are 
sharp to leading order. A notable exception is the case of some of the results in 
Albeverio and Zhou (1996, Th. 5.3 and Th. 6.1) where the precise asymptotic size 
of the largest excursion (and of the max;imum displacement of the chain from the 
interface) is obtained. This result is a bit surprising since it depends on a certain 
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annealed decay exponent. This exponent turns out to be different from the decay 
exponent one finds for P(da;)-a.s. estimates, see discussion after our Theorem 2.5. 
The argument of the crucial point of the proof of Albcvcrio and Zhou (1996, Th. 
5.3) looks obscure to us and we propose here a different one, based on decay of 
correlations. 

Of course we present our results in terms of excursion lengths. Recall the 
definition of the return times r in Section 1.2. For every k G {l,...,iV — 1} 
let us set A]\[{k) = Ti_{k)+i — ''',,(fe), with <.(fc) equal to the value i such that 
k G {Ti, . . . ,Ti+i — 1}. So t(A;) is the left margin of the excursion to which k 
belongs and Ajv(fc) is the length of such an excursion. 

Two distinct questions can be posed concerning polymer excursions: one may 
be intcrc!stc(l about the typical length of a given excursion or, more globally, about 
the typical length of the longest excursion, Ajv := max^ Ajv(fc). Denote by 9 the 
left shift on u, like for S: {0u)}k = cok+i- About the first problem, we can prove: 



Proposition 2.4. Take v_<E C and let u_ he the two-sided sequence of IID random 

variables, a; := (oj,oj) G x M.^ , with law P. For every £ > there exist random 
variables ci^'(w), j = 1,2, such that P(0 < Ci^'(w) < oo) = 1 and 

PN,U^N{k)=s) > CP{e''^}cxp{-{F{v) + e)s), 

PM.^^{AN{k)^s) < CP{e''uj_)cxp{-{F{v)-e)s), 

for every N , every k G {1, . . . iV — 1} and every s G N; for the first inequality, the 
lower bound, we require also s < N/2. 

Note that, in the definition of Pn,ui, the fact that w is a doubly infinite sequence is 
completely irrelevant, since the polymer measure depends only on uii, . . . , Wjy. The 
introduction of two sided disorder sequences, which might seem a bit unnatural, is 
needed here to have the almost sure result uniformly in N, k and s. 

About the maximal excursion, we have: 

Theorem 2.5. The following holds: 
(1) the limit 

'l + e-2^5:"=i('^n+/») 



— lim — loe 



7- 



li{v), (2.9) 



exists and satisfies the hounds < < f(w). Moreover, for every 

ci > there exists C2 > such that C2 (f(v)) < lJi{v), for viv) < 1 and 
max(A, A) < ci. 
(2) Fix V& C For every e G (0, 1) we have that 



lim_ P^^^ ( _J1- < __ ) = 0, P(d^)-a.5., (2.10) 



and 



lim Ptt,, I r— ^ > — r-r I = 0, in probability. (2.11) 
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In the localized region, under rather general conditions on the law P, we can prove 
that iJ,{v) < f{v), see Appendix B.l. Notice therefore the gap between (2.10) and 
the result in Proposition 2.4, so that the largest excursion appears to be achieved 
in atypical regions. 

Remark 2.6. When the law of uii is symmetric, one can also prove (see Appendix 
B.2) that iJ.{v) is equivalently given by 



lini — log E 

W^oo N 



(2.12) 



This coincides with the expression given in Albcvcrio and Zhou (1996), where only 
the case X = 0, h = and loi taking values in {—1, 1} was considered. 



2.3. Finite-size corrections and central limit theorem for the free energy. In this 
section, we investigate finite-size corrections to the infinite volume limit of the 
quenched average of the free energy, and the behavior of its disorder fluctuations. 
About the first point, it is quite easy to prove (see also Albeverio and Zhou (1996, 
Proposition 2.6)) 

Proposition 2.7. There exists ci < oo such that, for every v and N gN, one has 



p(^)_i.ElogZ^_^ 



(2.13) 



This bound is somehow optimal in general, in the sense that it is possible to 
prove a lower bound of order log N/N if v is in the annealed region, i.e., the sub- 
region of V where (l/A'')logEZ^^ 0. However, in the localized region we can 
go much farther: 

Theorem 2.8. Assume that v £ £. Then, there exists c{v) < oo such that, for 
every N gN, one has 



K(^)_i.ElogZ|^ 



< 



civ) 
N ■ 



(2.14) 



About fluctuations, in Albeverio and Zhou (1996) it was proven that, for A = 0, 
h — and uji taking values in { — 1, 1}, the free energy satisfies in the large volume 
limit a central limit theorem on the scale 1/^/N. Here, we generalize this result 
to the entire localized region. Our proof employs basically the same idea as in 
Albcvcrio and Zhou (1996); however, the use of concentration of measure ideas, 
plus a more direct way to show that the limit variance is not degenerate, allow for 
remarkable simplifications. The precise result is the following: 



Theorem 2.9. If C the following limit in law holds: 

(logz^^^-Eiogz^J ^^^uioy), 



(2.15) 



with =o^{v) > 0. 
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2.4. Some notational conventions. For compactness we introduce a notation for the 
Hamiltonian 

N N 

nN,^{S) = -2A ^ K + /i) A„ + A ^ (w„ + hjSn, (2.16) 



n=l 



and for f2 e cr {Sn : n e N) we set 

Zn,uj_ {^) — E 

Moreover, we set 



exp {nN,uiS)) ; {5]v = 0} n o 
C(a;) = e^(^+^\ 



(2.17) 
(2.18) 



3. Decay of correlations 

The proof of Theorem 2.2 is based on the following lemma, which is somehow 
similar in spirit to Lemmas 4 and 5 in Biskup and den Hollander (1999). 

Lemma 3.1. For every v € C, there exist constants < ci{v),C2{v) < oo such 
that, for every N gN, 1 < a < b < N , k < {b — a—1) and a < ii < 12 ■ ■ ■ < ik < b, 

]EPjv,a,({a <j<b:Sj=0} = {a, iu 12,..., ik, h}) < c^+^e-^^^ (3.1) 

Moreover, let , be two independent copies of the copolymer, distributed accord- 
ing to the product measure Then, 

E P^2^ {$j:a<j<b, Sj = S] = O) < cie-^^^''-") . (3.2) 



Remark 3.2. It will be clear from the proof that the constant C2 in (3.1) may 
be chosen smaller, but arbitrarily close to n{v). The quantitative estimate on the 
constant C2 in (3.2) that one can extract from the proof given below is instead 
substantially worse and certainly not optimal. 



Proof of Theorem 2.2. Let S{A) = {ai,...,a2} and S{B) = {b^, ■ ■ ■ M} ■ We 

assume that d{S{A),S{B)) > 0, otherwise (2.1) holds trivially with ci = 2. Without 
loss of generality, we take hi > 02. Then, letting E be the event 

E = {Jj: a2<j<6i,-Sj = 5|=0}, 

one can write 

^N,J,AB) - ^N,u{A)^N,u{B) = ^%]^{{A{Si)B{S^) - A{S,)B{S2)) 1e} (3.3) 

since, by a simple symmetry argument based on the renewal property of S, one can 
show that the above average vanishes, if conditioned to the complementary of the 
event E. At this point, using (3.2) one obtains 

E [\E.N,J,AB) - ^n,J,A)^nAB)\] < 2ciP||oo||B||ooe-'=^(''i-'^^\ (3.4) 

which is statement (2.1) of the theorem. 

As for (2.2) we observe that, since we are assuming that S{A) c {1, . . . , k}, one 
has the identity 

E*,.(-4) = ^i^. (3.5) 
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where we recall that Sk = 1^3^=0}- Therefore, there exist positive constants c and 
c' such that 



[|Eiv,a; (^)-Efc,^ iA)\] 
< 

< ck" (e 



E^r,^ {A) E;v,a, ih) - Ejv,a, {A Sk) 



1/2 



< ck'E [C(wfc) |Ejv,a, {A) Ejv,a, {Sk) - Ejv,c. {ASk)\ 

\-En,u, {A) EN,c.{Sk) - Eiv,a, {ASk)\''] E [({uk)^^ 

< c'fc^|m|ooe-"=''(^(^^'^^>\ (3.6) 

where in the first inequality we have applied Lemma A.l, in the second the Cauchy- 
Schwarz inequality and in the third Theorem 2.2, formula (2.1). Since A is a local 
observable, d{S{A),{k}) = k{l + o(l)) as A; — > 00 and therefore the proof of (2.2) 
is complete. 

Finally, (2.3) is a consequence of the decay of the influence of boundary con- 
ditions expressed by (2.2). Note in fact that (2.2) states that {E„^i^(>1)} is a 
Cauchy sequence in L^(P). Therefore it convergence in toward a limit random 
variable that we denote Eoo.tj {A). Therefore (2.2) holds if we set N = 00 and, by 
the Fubini-Tonelli Theorem, this clearly implies that 



E 



J2\^oo,^{A)-'Ek,^{A)\ 



L k 



< 00, 



(3.7) 



so the series in the expectation is P( da;)-a.s. convergent, which implies the almost 

, Theorem 2.2 

sure convergence of {E„_(^ (^)j (2-3). □ 

Proof of Lemma 3.1, Equation (3.1). It is immediate to realize that, letting to = a 
and ik+i = b, 



lEPjv,w({a < j < b : Sj = 0} = {io,ii, ■ • ■,ik+i}) 



< He 



2Z- 



1 - il)(i [Wj,^,) f 
Jv ■ I 1+' 



(3.^ 



where K{-) was defined in Section 1.3 and 9 is the left shift. Indeed, it suffices to 
apply Lemma A. 2 with m = k + 1 and Aj = {Si ^ 0,ij < i < ij+i}- Thanks to 
Part 1 of Theorem 2.5 and to the exponential integrability of wi, one has 



lim ^ log E 



■'N,oj 



IJ,{v) =: IJ,>0, 



so that one obtains from (3.8) 

k 

EPN,d{a < J < 6 : = 0} = {lo, Zi, . . . , ik+i}) < J] cge-'^^'^+i-'^'/^ 



i=0 



(3.9) 



Lemma 3.1, Eq. (3.1) 

□ 

Proof of Lemma 3.1, Equation (3.2). In this proof the positive constants, typically 

dependent on v, will be denoted by dQ,di, The constants C\ and C2 are taken 

from (3.1), but since C2 is repeated several times we set c := C2. Let us first define, 
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for s = 1, 2, ril^"' = sup{0 < j < a : = 0}, 4"' = inf{j > 4-i ■ = 0} for i > 1 
and r*^*' = sup{j : rjj'^^ < b}. Then, for j = 0, . . . , r^") we let x^f^ — Vj+i — Vj'^^ > 1- 
We will refer to the interval {Vj'^K ■ ■ ■ iVj+i} ^-s to the j*'* excursion from zero of 
the walk S'", and to xf ^ a-s to its length, see Figure 2. (Note that the 0*'* and the 
(r'^-*)*'* excursions may have an endpoint outside {a, . . . , b}.) 




Figure 2. In the interval {a + 1, . . . , 6 — 1} the walk (dashed line) and 
the walk 5^ (full line) never touch zero at the same time. We have marked the 

(s) ( s) 

returns to zero r;^ ' and the lengths of the excursions Xj ■ In this example, 
r(^) = 5 and r''^^ = 6. If for instance we choose K2/C = i, then in this example 
makes three short excursions, and four. Note that the two walks can 
meet and cross away from the line 5 = 0. 



The basic observation is that, as we will prove in a moment, there exists ki, K2 > 
independent of v such that 

^ E > ^ I < ^1^""^'^'""^ (3-10) 



EP 



\0<i<r(l):x^''>K2C- 



uniformly in G N, 1 < a < 6 < A^, for some finite constant di :— di{v) > 0. In 
words, this means that with high probability at least 3/4 of the interval {a, ■ ■ ■ ,b} 
is covered by excursions of S whose length is smaller than K2C~^ (we will call them 
short excursions). To prove (3.10), set x — Xg^\ y — x^jl) and 

0<j<r<i):x*/'>K2C-i 



E (3.11) 



so that the condition in the probability in the left-hand side of (3.10) reads u + 
2^1a:>K2c-i +yliy>K2c-i ^ (^ ~ ^)/4- Obviously, the number £ of excursions entirely 
contained in {a, ... ,6} and of length at least K2C~^ {long excursions) is at most 
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[u c/k2\ , and one can (very roughly) bound above the number of possible ways one 
can place them in the stretch {a,...,b} by 

^'7^)'. (3.12) 

These facts, together with a simple application of Lemma A. 2 and Eq. (3.1), allow 
to bound above the left-hand side of (3.10) by 



J2 (&-a)2e-°("+-+^) 

x,y>0,u<{b-a): e=0 ^ 

< do(6-a)3e-<^^max(ci,l)'^ ^^^^j ^ < fhe-^'^^'>-''\ (3.13) 

where the last inequality follows, if K2 is sufficiently large, from the Stirling formula. 
We stress that the constant ci is the one appearing in (3.1). The factor {b — of in 
(3.13) just takes care of the possible location of 77^^^ and ry^ji, in {a + 1, . . . , 6 — 1}. 

For ease of notation, let ^a,b be the event T^a.b = {^j '■ d < j < b, Sj = 8^=0} 
that the two walks do not touch zero at the same time between a and b, and for 
s = 1, 2 let C(^) be the event 



E xr>>-«) 



(3.14) 



^0<i<r(''):x^''-'<K2C-i 

Then, from Eq. (3.10), if C = C^^^ n C^^) n Ba,h, one has 

EP®2^(Ba,fc) < 2die-''^"(''-'') + EP®2^ (C) . (3.15) 

To estimate the last term in (3.15) let us notice that if the event C occurs then, 
denoting by the union of the short excursions of 5*, the set (IV^ r\{a, . . . ,b} 
contains at least (fe — a)/4 sites. As a consequence, recalling that short excursions do 
not exceed K2C"^ in length, V := {j e nV'^ r\{a, . . . ,b} : SjS'j = 0} contains at 
least [c(6 — a)/(8K2)J sites. In words, if j € V then either Sj = and j belongs to a 
short excursion of S"^, or the same holds interchanging the roles of 5*^ and 5^. One 
can rewrite V as the disjoint union V = U W^, where = {j £ V : Sj ^ 0} 
and, of course, at least one among and contains [c{b — a)/(16K2)J points. 
Therefore, using also the symmetry between and S"^, one has 

^N^,ul(^) - (lcn{|W'i|>Lo(6-a)/(16K2)J}) 

'^^N,uiy^Cn{\W^\>lc{b-a)/{16K,2)]}J ' 

where is the subset of {a, ... , b} which satisfies the following properties: 

(1) Sj = for every .7 e W^; 

(2) for every j e there exist a < xj < j < yj < b such that 

• - SI = 

• < Uj — Xj < K2C ^ 

• Sf ^Oii {xj <i<yj and Sj ^ 0}. 
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Note that, since we are working on C, ^ when S] = 0: this prescription is not 
contained in the definition of W^. One can now write (see also Fig. 3) 



(^^L (^{C'}l{|W'i|>Lc(b-a)/(16K2)J} 



'■)) 



= 2E 



JV,a; 



Xl^^ii {}{C}'^{W^=W} 



w 



(3.17) 



= 2E 



Na 



V w 



In the second step wc have decomposed the probabiUty by summing over aU a priori 
admissible configurations W of the set W^, i.e., all possible subsets of {a, ... ,6} 
containing at least [c(6 — a)/(16K2)J sites. We are now going to relax the constraint 
given by 1{b„ ,,}> but estimating the corresponding ratio of probabilities. We claim 
in fact that, given k,i< K2C~^ and < ii < . . . < if. < £, we have 

where 

r?(w) := (l + rf2C(w))"', (3.19) 

where d2 is a positive constant that depends on K{-) and on the value of K2C~^. 
The bound (3.18), which will be applied with S = S"^, is proven as follows. First 
observe that 

Pe,u;{Sjy^O,j i {0,ii,...,zfe,^}) 

< P^,^(gj7^0,0<J<^) , . 

- Pi,^{Sj>o,3i{o,ii,...,ik,e}) + Ptu{Sj<o,ji{o,ii,...,ik,£})' ^ ' ' 

and in the ratio in the right-hand side we may factor the expression containing the 
copolymer energy term, that is we can set A = and we can restrict ourselves to 
considering 5 > 0. We write: 

Pe,u,{Sj>0,j ^{0,ii,...,ikJ}) 



Pe,a,{Sj>0,0<j <e) 



E 



Pi,u, (Sj = 0, J e A, Sj>0,j€{l,...,e-1}\ A) 



(3.21) 



K(£)/2 

Ac{ii,-,ik} je^ je{ii,-,ik} 

where ee may be chosen, with a very rough estimate, equal to minj=i^..._^ /r(j)^/4. 
Since £ < K2C~^, we obtain (3.18). 

Therefore from (3.17), using (3.18), we can extract 



(3.22) 



w 



jew 
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Figure 3. Consider again the example of Fig. 2. If, say, k,2C~^ = 9, then 
W = {pi,...,p5}. For j = 1,2 one has (xj,yj) = while {xj,yj) = 

(^2, 52) if j = 3, 4, 5. 



The remaining problem now is that "qiuin) < 1 is random and can get arbitrarily 
close to 1. This however does not happen too often: in fact there exists K3 such 
that, for every v€C, 



F{U) := P |{a < i < 6 : < -Kg}! > 



c{b - a) 
32k2 



(3.23) 



for every value of {b — a). The bound (3.23) follows from a direct (large deviation) 
estimate on the binomial random variable with parameters p := P (w^ < — K3), 
which can be made arbitrarily small, and b — a. It suffices for example that 2p < 
c/32k2- 

Thanks to \W\ > [c(fe — a)/(16K2)J , (3.22) implies that, on the complementary 
of [/, 



(3.24) 



Lemma 3.1, (3.2) 

Together with (3.15) and (3.23), this completes the proof of (3.2). □ 



4. Regularity of the free energy 

Proof of Theorem 2.1. Thanks to the Ascoli-Arzela Theorem, it is sufficient to show 
that, for every integer k, the fc*'* derivative of (l/iV)ElogZ;^^ with respect to any 

of the parameters A, /i, A, h is bounded above uniformly in N . For definiteness, let 
us show this property for 



(4.1) 
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The above derivative is given by 

gk ^ ^ 

ElogZ^_^= — E{w„i ...a;„,E;v,a,(<5„i;5„2;---;'5nJ}>(4-2) 

l<ni,n2,...,nk<N 

which is expressed through truncated correlation functions (Ursell functions) de- 
fined as 

E^,^ (Ai; ...■,Ak)= - 1)! n Eat,. ( H | ' (4.3) 

r Per \peP J 

where the sum runs over all partitions V of {1, . . . , fc} into subsets P. Starting 

from the property (2.1) of decay of correlations for every pair of bounded local 
observables, one can prove by induction over k > 2 that 

E[|EAr,^(Ai;...;Afe)|] (4.4) 

< 4')||Ai||eo . . . Pfelloo cxp(-cf d(5(Ai), . . .,S{Ak))), 

for some finite positive constants c"^^ , c"^^ where, if / is the smallest interval includ- 
ing the supports of Ai, . . . , Afc, then d(5(Ai), . . . ,5(Afe)) = \I\ - A 
proof that the exponential decay of average two-points correlations implies expo- 
nential decay of the average n-point truncated correlations can be found for instance 
in von Dreifus et al. (1995), in the context of disordered d-dimensional spin systems 
in the high temperature or large magnetic field regime (see Remark 4.1 below for a 
sketch of the proof). In von Dreifus ct al. (1995), explicit bounds for the constants 

(k) (k) 

c\ are also given, which is not needed in our case. The proof in von Dreifus 

et al. (1995), which is basically an application of Holder's inequality, can bo trans- 
posed to the present context almost without changes, to yield (4.4). Then, after 
an application of the Cauchy-Schwarz inequality, it is immediate to realize that the 
sum in (4.2) converges uniformly in N, for every k. 

Theorem 2.1 
□ 



Remark 4.1. A sketch of how (4.4) is deduced from (2.1) goes as follows. Consider 

the case fc = 3 and assume that Ai = Sm (which is just the case we need in view of 
(4.2)) and, without loss of generality, let rii < n2 < n^. Then consider the simple 
identities 

= ^N,u{Sn2^n3':^ni) — Ejv,a>('5n2)EjV,ai(^ni ; i5„3 ) — E/^_(^((5„3 )Ejv,w (^ni ; (^112)- 

(4.5) 

From the first identity and (2.1) we obtain 

E[|E^,^(,5„,;(5„,;(5„3)|] < 3cie-=^("^-"^), (4.6) 

while from the second identity we obtain the bound 3ci exp(— C2(n2 — rii)) on the 
same quantity. Therefore 

E [|E^,^((5„,;5„,;5„3)|] < 3cie-^^«"^-"=)+("=-"i))/2, (4.7) 

which is just the statement of (4.4) in this specific case. 
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5. On the maximal excursion 



5.1. Proof of Theorem 2.5. Part 1. The existence of the limit follows from the 
subadditivity of |logE (1 + exp(— 2AX]^=i(^n + ^))/-^|f,a;] } ' which is an im- 
mediate consequence of the renewal property (of P) and of the IID property (of w): 
for every M G N, M < N, we have in fact 



E 



l + c 



7- 



< E 



E 



(l + r-^^^::-i'-"+''))(l + (^ 



^M,u-^N-M,e'^w 



■'M,uj_ 



E 



■'N-M,u!_ 



(5.1) 



The inequality ij{v) > is an immediate consequence of the elementary lower bound 
Zn,^ > a^N) (l + e-2^Sir=.(-.+ft)) p (0+) . (5.2) 

A more refined lower bound on /i(w), valid in the localized region, follows from the 
concentration inequality: call £^jv the event 

£^ = ju; : -(4A/iV) J^iiOn + h) < f{v)/2 < (l/N) logZ^ Jj . 
Since for N sufficiently large P (^E%^ 



and K2 suitable positive constants, one has 



E 



7- 



< Ki exp(-K2A''F(t;)^/max(A, A)^) with ki 

C(wjv)-^l{j30,} 



E 



< 



< 2exp(-iVF(i;)/4)+ p 
2 exp {-N¥{v) /4) + exp (-^ A/'f(w) V max(A, A)^) 



which immediately implies iJt{v) > and, for f{v) sufficiently small, 2iJ,(v_) > 
fi;2F(w)^/max(A, A)^. 

Finally, ij.{v) < f(w) is an immediate consequence of Jensen's inequality. 

Theorem 2.5 part 1 
□ 

Part 2. Throughout this proof v G C, so that /x(w) > 0, and we set := [(1 ± 
e) log N/ /u(w)J . We start with the proof of 

lim EPat,^ (Ajv > a+) = 0, (5.3) 

AT — >oo 

which clearly implies (2.11). For n = 0, 1, 2, ... we set 

E„ := {5: 5„ = 0, ^„+, ^ for j = 1, 2, . . . , a+ } , (5.4) 
so that {A]v > a^vl — Un-En, n ranging up to iV — — 1, and wc have 

EPjv,a,(Ajv>a+) < ^ EPjv,^(i;„). (5.5) 

n: n<N—a'tT — l 
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Let us estimate the terms in the sum by writing first En as the disjoint union of 
the sets 

En,e ■■= {S: Sn = 0, Sn+j ¥=Oiov j = 1,2,... ,e-l, Sn+e = 0}, (5.6) 

with i G N and a'j^ < £ < N — n. RecalUng the notations of Section 2.4, we have 
the bound 

t^N,aj_[^n,e) S /g _ g — ^ 

l + exp(-2AE-=i((r'^), + M) „ ^^'^^ 

< 7^ Ci^n+e)- 

This is an immediate consequence of the renewal property of S. Notice that once 
we take the expectation of both sides of (5.7) we may set n = in the right-hand 
side and therefore, by (2.9), for every n and every (. > io, (-0 sufficiently large, we 
have that 

EP^,^ {En^) < exp {-liJi{v){l - (e/2))) . (5.8) 

Indeed, the factor C,{uJn+e) = exp(A(a;„+£ + h)) is negligible for (. large since, with 
probability at least of order 1 — 0(cxp(— c^''/^), |S„+£| does not exceed l'^/'^, see 
(1.3), so that it does not modify the exponential behavior (5.8). 
Therefore, for A'' sufficiently large and e sufiiciently small 

]EPjV,a,(-Bn) = lEPjv,c.(i^n/) 

a+<i<N-n j-gg^ 

< exp(-^/i(t;)(l - (e/2))) < N-^-^^/'^\ 

Going back to (5.5) we see that EPjv.a; (Ajv > a^) < N~^/^ and (5.3) is proven. 

Remark 5.1. It is immediate to realize by looking at the proof that 

EP;v,a,(Ajv > ClogA^) < N-^^^\ (5.10) 
with L{C) /■ oo as C /■ oo. 

Let us then turn to proving 

lim Pat.^ (Aat > a^) = 1, ¥{Au)-&.s.. (5.11) 

Let us set [N/{\ogNf\ - 1 and = \_Njl{jM + 1)J for j - 1, 2, . . . , jat. 

We now consider the family of events {E - \ , recall the definition 

L "^ '""J J = l,2,...j„ 

of En^i in (5.6), and we observe that yjjE^^ ^- C {Ajv > a^}- In words, we are 
simply going to compute the probability that the walk makes at least one excursion 
of length exactly equal to aj^ at Jn prescribed locations: the excursions have to 
start at rij for some j, see Figure 4. Therefore 

Pr,,^ (A^ < a^) < P^,^ (nj^i<,, J = n (l - P^.^ + Rn{^), 

(5.12) 
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where the last step defines i?jv(w) (we anticipate that, by Theorem 2.2, formula 
(2.1), i?jv(w) is negligible, details are postponed to Lemma 5.2 below). We need 

therefore a lower bound on Pjva; \E„ „-]: we will find a lower bound on this 

quantity that depends on lu only via ujn and cj,, with n = nj, n^- + 1. . • . , nj + 
and this will allow the direct use of independence when taking the expectation with 
respect to P. We use the explicit formula 




m 722 ns Ui nr, N 



Figure 4. The lower bound on the length of the maximal excursion is 
achieved by focusing on what happens right after jt^ = N{1 + o(l))/(log A'')^ 
sites rij, equal to nj = j(logAr)^ (modulo lattice corrections). In the Figure, 
jiv = 5. One looks at the probability of finding the (positive or negative) 
excursion that starts exactly at rij and comes back to zero at rij +aly, at least 
for one j. Note that = (1 — £)(a*(2z))~^(1 + o(l))logAr is much smaller 
than Uj — Uj-i and this allows decoupling of these occurrences. 



We proceed by finding an upper bound on the denominator and we first ob- 
serve that, by (5.3), the event An := jw : Z^_^(Ajv < Clog7V)/Z^^ > 1 - ^} 

has P(dcj) probability tending to 1 for C > l/iJ,{v) and S > 0: this is simply due 
to the fact that Z^^^{An < C log N)/Zj^^^ = PN,ui^N < ClogN). We will ac- 
tually choose C larger, so that to guarantee that P[^Ar] > 1 — N~'^ for A'' large, cf. 
Remark 5.1. Of the requirements defining the event Ajv < ClogA^ we now take 
advantage only of the fact that there exists a return to zero at distance at most 
ClogN from both sites rij and rij + a~^, for every j. By Lemma A.l we have that 
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there exists c > such that for w G 

< T^Zjf ^ (mm In - rijl, min In - {nj + a^)| < Clog A/') 
'- l-d '-\ I I ) 

< o(logiV).Zi,,,Zf. ,,.^^Z-;______ ^^,^.„. ^C(|=,|)((|S.,„- I). 

so that from (5.13) there exist c, c' > such that 

P^,^(^^.„ai^) > c(logiV)- \ ,. ^ =: QnM\ 

(5.15) 

where the inequahty holds for N sufficiently large. Notice that the random variables 
{<3iv,j(w)}j. are independent, since QNjil^) depends on (a;„,tD„) with n only in 
{nj,nj + 1, . . . ,nj + a]^}. Going back to (5.12), we have 

m (5.16) 

We take now the P( da;)-expectation of both sides of (5.16): by independence, by 
the choice of C in the definition oi An and by Lemma 5.2 

Jn 

EPn,^ {An <ajf) < [Qjvj(w)]) + P [a%\ + E [|iijv(w)|] 

(5.17) 

= l[{l-E[QNjm + 0{l/N'). 

We are reduced to estimating ¥,[QN,j{(^l)]- By (2.9), for e sufficiently small and A'' 
sufficiently large, we have 

^[QnjM > exp{-n{v){l + e/2)aj,) > N-^+''\ (5.18) 
Prom this one gets 

EP;V,a; {^N < a^) < (l - 7^1+^/4^ + 0{llN^) = 0{l/N^). (5.19) 

By applying the Markov inequality and Borel-Cantelli lemma we conclude the proof 
of (5.11). 

Theorem 2.5 part 2 

□ 

Lemma 5.2. For every m > we have 



lim 7V™E[|iijv(w)|] = 0, (5.20) 

JV— >oo 



with i?jv(w) defined in (5.12). 



Disordered copolymers with adsorption 



171 



Proof. Observe that a direct application of Theorem (2.2), formula (2.1), yields 
that for fc = 2, 3, . . . , jjv we have 



< ci exp -C2 



(logTV)^ 



(5.21) 



One now applies itcratively this inequality starting from k = Jn, down to fc = 2, 
obtaining that E [|i?jv(w)|] is bounded above by ciNexp (— c2(log A^)^/2). 

Lemma 5.2 
□ 



5.2. Proof of Proposition 2.4- It makes use of the identity 

PjV,a;(AAr(fc) =s) = 

K{s) ^ . 

ieNU{0},reN: ^'^ii 
l+r=s, k-l>0, k+r<N 

(5.22) 



Upper bound. We first observe that, reasoning as in Section 5.1, we have 

Pjv,^(A;v(fc) = s) < Gi^r{e''oj), (5.23) 

ZeNU{0},reN: 
l+r=s 

where 

1 +exp (-2Ay'' , ,U„ +h)) 
Gi,r {io) = K{1 + r) ^ = ^C(S3.), (5.24) 

(recall that we are working here with two-sided disorder sequences, so that the u 
variables may have negative indices). Now we claim that for every £ > there 
exists So := sq (w), P(du;)~a.s. finite, such that 

Gi,r (w) < exp {-s{¥{v) - e/2)) , (5.25) 

for every I and r such that I + r = s and every s > sq. Of course (5.25) implies 
that for every £ > 

)(a;) := ^ ^ G,,^ (w) exp (s(f(v) - e)) < oo, P(da;) - a.s.. (5.26) 

seNJeNU{0},reN: 
l+r=s 

By combining (5.23) and (5.26) one directly obtains the upper boimd in (2.8). 

We are therefore left with the proof of (5.25). This follows by observing first 
that 
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where Rw is the disorder sequence reflected around the origin: {Ruj)n = ^-n- 
Therefore, with s = Z + r, we have 

1 1 A - Wo + /l) 

-logGi,^(a;) < -\ogK{s) + ^ ^+ 

1 " s Zj-^R^ - - log Z^^. (5.27) 

The leading terms are the last two: by definition of f{v), for every e > there 
exists nQ{oj), P( dw)- almost surely finite, such that for I and r larger than no(w) 
both (l//)logZ^^^ and (1/r) log .^^o; are larger than f{v) — e/2 and this easily 
yields the existence of si{w) such that 

1 log Zf;^^ + i log Z^^^ > F{v) - e/2, (5.28) 

for every s > si(w). The remaining term in the last line of (5.27) is treated by 
an analogous splitting of the sum and by applying the law of large numbers one 
sees that it gives a negligible contribution for s sufficiently large. Finally the first 
two terms in the right-hand side of (5.27) are both vanishing as s diverges by 
the properties of K{-), cf. (1.2), and by the fact that wi is integrable, so that 
w„/n 0, P(da;)-a.s.. 

Proposition 2.4, upper bound 
□ 

Lower bound. By selecting in the sum in (5.22) only the excursion from fc to A; + s 
we have that we can write for k + s < N 



Pjv,c.(Ajv(fc) =s) > K{s)^^ —5 ^ 



iV-fe-s, 61 



(5.29) 



and we will use also 



(1 - PiV,a.(OL)), (5.30) 



Z'n,^ ZN,u{Ok,s) 

where Ok,s is the event 

Ok,s = {3ne{k-s'^,...,k + s^} : 5„ = O} (5.31) 

(with the conventions of Section 2.4 for Zjv,a;(f^))- Thanks to Lemma A.l, one can 
write for some c > 

ZN,^iOk,s) < cs^z^_^z^,,^z^_,_^ ,,+,^c(|;:5,|)c(|a5fc+«|) (5.32) 

which, together with (5.29) and (5.30), implies 

PjV,a, {^N{k) = S)> CS-'^GoA^^^) [C(Pfc|)C(|i5fc+«|)]"' - PiV,a;(OL)- (^-^S) 

Proceeding in analogy with the proof of the upper bound, and using in addition 
Lemma A.l to bound Zf^Lo_ above, one can show that 60,5 (w) exp((F(u)+e)s) diverges 
P( da;)- a.s. as s ^ 00, for every e > 0. Therefore, keeping in mind that k + s < N, 
the first term on the r.h.s. of (5.33) is bounded below by exp(— (F(t») + e)s) if s is 
larger than soi^'^^ii), where sq{uj_) is a suitable P(da;)-a.s. finite number, and the 
same quantity may then be bounded below by 

C{0''uj) exp(-(F(2;) + e)s), (5.34) 
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where C(a;) is a P( da;)-a.s. positive random variable. On the other hand, from the 
upper bound in Proposition 2.4 one easily obtains 

Pn,u,{01,) < cCf)(0V)cxp(-(F(^;) - e)s2). (5.35) 

Taking e small enough, this immediately implies the lower bound in Proposition 
2.4 for < fc < A'' - s. 

The restrictions on k is of course due to having chosen in the first step of the proof 
(5.29) the S-excursion from fc to k + s. But we may as well choose the S-excursion 
from k — s+1 to + and the argument may be repeated yielding the same bound, 
except for different u dependent constants, for every k ranging from s — 1 to — 1. 
Therefore the proof is complete for fc in {0, 1, 2, . . . , A'' — s} U {s — 1, s, . . . , A'' — 1} 
and this is the whole set of sites smaller than N if s < N/2. 

Proposition 2.4, lower bound 
□ 



6. Finite— size corrections to the infinite— volume free energy 

Proof of Proposition 2. 7. Just note that 

< -^ElogZf^_^-lElogZ^,^ = --^ElogPf^,^(S^r = 0) 

(6.1) 

log AT A^,^ ~, ^ ' 

- + J^^l^N + h\, 

where the first inequality is a consequence of the renewal property of S and the last 
one of Lemma A.l. Inequality (2.13) then immediately follows. 

PropoHiUon 2.7 

□ 

Proof of Theorem 2.8. It is sufficient to prove that there exists c{v) such that, for 
every N 

log Zf^^^ - 1e log < (6.2) 
It is convenient to define, for x>0, 

F{v,x) = lim ^ElogZ^l, := lim ^ElogE (e«-.-(5)+-E^^=r *n (g.g) 

N—>cx> iV '— JV— >oo iV \ / 

which, in view of (1.11), just corresponds to f{v, x) := f(A, h,X,h + x/X) if A 7^ 0. 
Note that, since vGjC, one has dx f{v, x)\^^q > (cf. Lemma 7.3 below) and that 

F(0,a;) > f(w) > 0, (6.4) 

provided that x > (2A + A(l + h))/{dx ^{v.-,x)\^^q). Indeed, since F is convex in x 
one has 

f{v,x) > F{v,0)+xd:r F(w,a;)|^^o > f{v) + 2X + + h) 

from which (6.4) immediately follows, since Ew^ = EtD^ = 1. Essentially the same 
argument shows that there esists a smooth (e.g. differentiable) path {Vf,xt), with 
< i < 1, such that {vq,xo) = (0, x), {vi,xi) = (w, 0), and such that ¥{v^,Xt) > 
f{v) for every t. Note that at (0, x) the desorder dependence disappears and we 
have simply a homogenous pinning model which, thanks to (6.4), is in the localized 
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phase. For this model it is easy to prove (this can be extracted, for instance, from 
Appendix A of Giacomin and TonineUi (2005b)) that 



1 1 M).x 

fog .^9 

2N ^ 2 



1 1 ^0,x , Co{v) 



On the other hand, we will prove in a moment that 



f- 



1 



dt \2N 



< 



cijv) 
N 



(6.5) 



(6.6) 



uniformly for < t < 1. Of course, Eqs. (6.5)-(6.6) immediately give (6.2). To 
prove (6.6), let us compute for instance the derivative with respect to x: with 
obvious notations, 



^ 2N N 



n=l 



which, thanks to Eq. (2.2), is bounded above by 



N 



N , ^ 

Ep-C4{w,x){N-n) < Cb[W, X) 
- N 



(6.7) 



(6.8) 



C5 being bounded above uniformly for {w,x) belonging to the path. Similar esti- 
mates hold for the derivatives with respect to w and therefore (6.6) follows. 

Theorem 2.8 
□ 



7. A Central Limit Theorem 



The first step in the proof of Theorem 2.9 is to show that the variance of 
is not trivial in the infinite volume limit: 



Lemma 7.1. Ifv&jC, then 
N 



< liminf ^ Var(log ^^) < limsup Var(log Z^_^) < oo. 



JV- 



N- 



(7.1) 



Proof of Lemma 7. 1 . The upper bound is an immediate consequence of the deviation 
inequality (1.3) applied to g{ui) = N~^/'^ log Zj^ ^. Indeed, it is immediate to verify 
that in this case 1 1 5 1| Lip < c, for some constant c. 

To obtain the lower bound, we employ a martingale method analogous to that 
developed in Aizenman and Wehr (1990). Suppose first that A 7^ 0. Observe that, 
if Xn,w = E[log Zj^^Jw] and 



Y^^^ =E[X]v,a,|wi,...,c^/c] - E [Xiv,a;|wi, . . . ,w/c-i] , 



then 



Var(logZ^J>Var(X;v,^D) = E^ i^k''^) ^ (^^"'^1^'^)) 



(7.2) 



(7.3) 
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with the convention that E [X]v,a,|wi, ■ • ■ ,tUk-i] = E [-'i^Ar,^] if A; = 1. Next, observe 
that 



and that 



(7.4) 
(7.5) 



At this point, one can employ the following 

Lemma 7.2. (Aizenman and Wehr (1990)) Let < M < 1, (3 > and let Vp he 
the set of functions 

Vp = {g:^^R:g&C\Q< g'{-) < 1, \g"{-)\ < /?}, 

and, for every probability law v on M, 



(7.6) 



7.(M, /?) = inf I g\ri)v{dri) geVpJ g'ivHdv) = M | . (7.7) 

Then, jv{M,P) is convex in M and 7i/(M, /?) > for M > 0, provided that v is 
not concentrated on a single point. 



Identifying /3 = A, gk{u)k) = A 



and v with the law of uji , using the 



convexity of ji, and recalling (7.3), one obtains immediately 

Var(log Z%J > NX' (^lu (j^jy EN,u,{Sk), A j j • 

To conclude the proof of Lemma 7.1, it suffices therefore to show that 
Lemma 7.3. IfvGC, 

1 ^ 



(7.8) 



(7.9) 



fc=i 



Proof of Lemma 7.3. It is enough to prove that there exists e sufficiently small such 
that 



lim EPiv.a- {\{j ■■ Sj = 0}| < sN) = 0. 

iV— >(x) 



(7.10) 



Indeed, we have 



EI>N,A\{j:Sj=0}\<eN) = 

leNl 

EPN,u,i{j-Sj = 0} = {ii,i2,...,ie}) 



e=0 l<ii<...<ie<N 



< 



E 



N 

e 



<C3(£^+1) 



N 
\_eN\ 



e-^'^, (7.11) 



where in the first inequality we employed (3.1). Using Stirling's approximation, it 
is clear that, if s is small enough, the right-hand side of (7.11) decays exponentially 
in N. 

Lemma 7.3 

□ 
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In the case A = 0, the condition y_& C imphes A ^ and the proof of Lemma 7.1 
proceeds analogously, with the role of w being played by w and (7.9) replaced by 

1 ^ 

^^^'^^WTy,^^NA^k)>Q- (7.12) 



JV^oo N ■ 

fe=l 

Lemma 7.1 
□ 

The second step in the proof of Theorem 2.9 is the observation that (this follows 
for instance from Lemma A.l) 

ZkAo^.^ ^ ^N,^ ^ (7-13) 

for some c < oo independent of co. Therefore, keeping also into account the upper 
bound in (7.1), one obtains the following approximate subadditivity property: 

Var(logZ^_^) < Var(logZ^^_^) + Var(logZ^^_^) +c'ViVlogAr, (7.14) 

for some constant c' and A'' large enough. This, together with (7.1), implies that 
the following limit exists: 

lim lvar(log Z^^J = a^v) > 0. (7.15) 

Next, employing repeatedly (7.13), one obtains the decomposition 



i=0 



(7.16) 

for every w (we assumed for simplicity that N is multiple of [A^/^J). Therefore, if 
Un,^ = N-y\logZ%^ - E logZ^ J, 

^N,^= TrTJ^ X] ^[iV3/4j_e<iLN3/4j^ + (3iV,ai, (7.17) 

where Qjv.w tends to zero in law and P(da;)-a.s.. The summands in (7.17) are IID 
random variables and Lyapunov's condition, which in this case reads simply 



for some 5 > follows immediately since the deviation inequality (1.3) implies 
that 'E\{Un,lo)'^~^^] is bounded uniformly in N. The central limit theorem is proven. 

Theorem 2.9 
□ 

Appendix A. Some technical estimates 

Recall the notations in Section 2.4. 

Lemma A.l. There exists c > such that for every k,N & N, k < N and every 
w we have that 
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Proof. We write 



and 



P.,. iS, = 0) = ^^■"^r'-^''" (A.2) 



E Zl^Zl_^^e^j:{^e)K{l-j)^ . (A.3) 



o<i<fe 

k<e<N 



Using (1.2) and the definition of slow variation for L{-), one finds that 

<c{{£-k)A{k-j)f"<c{kA{N-k))f'', (A.4) 



K{k - j)K{£ - k) 

uniformly in j, so that the expression (A.3) can be bounded above by 

c'ZUl_^^^,J{\^u\){k A{N- k))f-, (A.5) 
for some constant d independent of tj, which directly yields (A.l). 

Lemma A.l 

□ 

Lemma A.2. Let m&N,0<io<ii...<im<N with ie € N, and let Aj, 
j = 0, . . . ,m — 1 be events depending only on Si^+i, . . . , Sij_^^-i, i.e., Aj e cr(5„ : 
ij <n < ij+i). Then, 

m — 1 

Piv,^ (5., = for < j < m; nfJ^^A,) < [] P,^.^,_,^,e..^(A,)- (A.6) 
Proof. This is elementary: just rewrite the probability in (A.6) as 



(A.7) 



and notice that one obtains an upper bound for it if one constrains the walk to 
touch zero at ip, . . . ,im in the denominator Zj^ ^. At that point, the probability 
factorizes thanks to the renewal property of the random walk and one obtains just 
the right-hand side of (A.6). 

Lemma A.2 
□ 



Appendix B. Some remarks on iJ.{v) 

B.l. In this section we sketch a proof of the fact that, under some reasonable 
conditions on the law P, the strict inequality /i(w) < f{v) holds in the localized 
region. 

Since A^+A^ > in £, let us assume for definiteness that A > (in the alternative 
case, the role of uj in the following is played by lu). In analogy with Giacomin and 
Toninelli (2005b), we assume that one of the following two conditions holds for the 
IID sequence w: 
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CI: Continuous random variables. The law of u>i has a density P(-) 
with respect to the Lebesgue measure on M, and the function 



I :R3 X 



I{x) 



P{y) \ogP{y + x) dy, 



(B.l) 



exists and is at least twice differentiable in a neighborhood of a; = 
0. This is true in great generality whenever P(-) is positive, for 
instance in the case of P(-) = exp(— with V{-) a polynomial 
bounded below. 

C2: Bounded random variables. The random variable ui is bounded, 

< M < oo. 



(B.2) 



Assume first that condition CI holds. Given e > 0, let Pjv be the law obtained 

from P shifting the law of Si, . . . so that Ejvp^] = — e. If e is small enough, 
thanks to the assumed regularity of the function /(•) in (B.l) one has 



H(Pjv|P) :=E 



dPjv , dPiv 
■log 



dP ° dP 

for some finite constant K. Then, applying the Jensen inequality. 



(B.3) 



^logE 



N,i 



— logEjv 



7^ ' 



,log(dP/ dPiv) 



> —En log 



N 



dP 



1 

N 



E logZ; 



(B.4) 



so that 



IJ,{v) < Ke'^ + F{v'), 



(B.5) 

where v' is obtained from v replacing h with h — e. Since f(-) is smooth in the 
localized region and the derivative dj^F{v) > is not zero (cf. (7.9)), for e sufficiently 
small one has 

1 1 

-dj^F{v)e < f{v) - -i 

In the case of condition C2, the proof of (B.6) is slightly more complicated. 
Instead of shifting the law of Wi, . . . , wjv, Pat is obtained by tilting it: 

JV \ 



li{v) < Ke^ + f{v) 



-djF{v)e < f{v). 



(B.6) 



dPjv 
dP 



(w) oc exp ( -e ^ a;„ . 



(B.7) 



Tl=l 



The estimate (B.5) on the relative entropy is still valid, with a different constant 
K, while the proof that 

lim ^E^logZl <F{v)-ce, (B.8) 

iv — ^oo iV — 

for some positive c, although rather intuitive in view of the previous case (note in 
fact that, for e small, the tilting (B.7) produces a shift of —e-\-0{e^) of the average of 
wi, . . . , cDat), still requires some care. We do not report here other details, which the 
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interested reader can easily reconstruct from the proof of Lemma 3.3 in Giacomin 
and Toninelli (2005b). 

□ 



B.2. The case ivi ^ —ui. Here we prove that, if the law of uii is symmetric, then 
the definition (2.9) of /i(u) is equivalent to (2.12). In fact. 



E 



7- 



E- 



E 

S~-S 



exp (2XJ2^^^{u>n + h){l- An) + XT,n=ii^n + h)5 



E- 



E 



exp (2A E^=i('^n + /i)A„ + A E^=i('^n + h)5 



< E- 



E 



exp (2AX;^^i('^n - h)An + XY^^^^{uj„ + h)S 



E- 



1 



(B.9) 



where in the inequality we simply used the fact that X,h > 0, see Section 1.2. 
Therefore, 



1 



7- 



l + e-2^S^Li('^n+'») 



7- 



7- 



+ 



log 2 

N ' 



(B.IO) 



and the claim follows in the limit N ^ oo. 
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